Introduction and Statements of the Results

Let
respectively. From now, in this paper, when we require partial hyperbolicity, we mean absolute partially hyperbolicity and all diffeomorphisms considered are at least C 1 . We go to denote by PH m (T 3 ) the set of all partially hyperbolic diffeomorphisms which preserve the volume form m. Date : May 12, 2015. In partially hyperbolic context it is well known that the sub-bundles E s , E u , respectively the stable and ubstable sub-bunbles are uniquely integrable to invariant foliations F s , F u respectively (see [10] ). The sub-bundle E c is not necessarily uniquely integrable to a invariant foliation F c , in fact, in [8] the authors provide examples of (non absolute) partially hyperbolic diffeomorphisms, such that E c is not uniquely integrable. When M = T 3 , Brin-Burago-Ivanov, in [3] , shown that:
Every diffeomorphism of the torus T n induces an automorphism of the fundamental group and there exists a unique linear diffeomorphism f * which induces the same automorphism on π 1 (T n ). The diffeomorphism f * is called linearization of f. In this paper we study relations between the center Lyapunov exponent of f and the center Lyapunov exponents of f * under absolute continuity of the center foliation of f. The relations founded will allow construct a new open class of diffeomorphisms in PH m (T 3 ) which the center foliation is pathological, i.e, non absolutely continuous.
By [5] , given f : T 3 → T 3 be a partially hyperbolic diffeomorphism, then f * is also partially hyperbolic, moreover there is a homeomorphism h :
that carries center leaves of f * to corresponding center leaves of f, it is,
is the center leaf of g through y.
Particularly the center foliation a DA diffeomorphism of the T 3 is non compact.
1.1. Lyapunov Exponents. Lyapunov exponents are important constants and measure the asymptotic behavior of dynamics in tangent space level. Let f : M → M be a measure preserving diffeomorphism. Then by the Oseledec theorem, for almost every x ∈ M and any v ∈ T x M the following limit exists:
and it is equal to one of the Lyapunov exponents of f. For a volume preserving partially hyperbolic of T 3 , which is the main object of the study in this paper, we get a full Lebesgue measure subset R such that for each x ∈ R : 
It means that if P is such that m B (P) > 0, then there are a measurable subset
The study of absolute continuity of the center foliation started with Mañé, that noted a interesting relation between absolute continuity and the center Lyapunov exponent. The Mañé's argument can be explained as the following theorem: 
Proof. Denote by
, for every j ≥ l, and |F c (x)| < n}, here |F c (x)| denotes the size of the center leaf F c (x) through x.
Supposing that F ⌋ is an absolutely continuous foliation, there is a center leaf F c (x), such that it intersects Λ k 0 ,l 0 ,n 0 on a positive Lebesgue measure set of the leaf. By Poincaré-recurrence Theorem, the point x can be chosen a recurrent point, particularly there is a subsequence n k such that f n k (x) ∈ Λ k 0 ,l 0 ,n 0 , and it implies that the size
On the other hand, we denote In the non compact case Saghin-Xia in [16] shown that:
then the foliation F c g is non absolutely continuous. In the sense of theorem 1.9 we are able to prove its generalization for DA diffeomorphisms. In the Anosov case, Gogolev in [4] describes completely the question of the absolute continuity of the center foliation of C 1+α conservative Anosov diffeomorphisms of T 3 . The proof of Theorem B consists to combine two different types of perturbations in some steps as follows:
(1) Firstly, using the linear maps introduced in [13] , we have linear Anosov linear automorphisms, with center Lyapunov exponent arbitrarily close to zero. (2) After, by a small Baraviera-Bonatti perturbation (see [1] ), we increase a little the center Lyapunov exponent. (3) Using the conservative version of Franks lemma (see [2] ), we modify the stable index of a fixed point, but yet preserving in this step the increment of the center Lyapunov exponent obtained in the previous The quasi isometry of the invariant foliations of a partially hyperbolic diffeomorphism implies some consequences of the geometry of the leafs in large scale as stated in the next lemmas.
Lemma 2.3. [5] Let f : T 3 → T 3 be a partially hyperbolic diffeomorphism with linearization A. For each k ∈ Z and C > 1 there is an M > 0 such that for all x, y ∈
R 3 , ||x − y|| ≥ M ⇒ 1 C < ||f k (x) −f k (y)|| ||Ã k (x) −Ã k (y)|| < C, wheref : R 3 → R 3 denotes the lift of f to R 3 .
Lemma 2.4. [12]
Let f : T 3 → T 3 be a partially hyperbolic diffeomorphism with linearization A. For each n ∈ Z and ε > 0 there exists M > 0 such that for every x, y in the same lifted leaf ofF σ , σ ∈ {s, c, u} we have Combining the previous lemmas we can state. 
A ||x − y||, for some k ≥ 1. Like described above ||f k (x) −f k (y)|| ≥ M, then we apply the argument presented in the case k = 1 to the pointsf k (x),f k (y) in the same center leaf in R 3 . Thus,
A ||x − y||, we have
A ||x − y||, the induction is completed.
Proof of the Theorem A.
Proof. Under the assumptions of the Theorem A, we must to prove two facts:
(
For each 1 d > 0, with d ∈ N consider the set is quasi-isometric, we have there exists n 0 such that if n ≥ n 0 then ||x n − y n || > M. Then combining the lemmas lemmas 2.3 and 2.4, we have
by the equation (2.1) we have ||f 
−foliated box, such that x ∈ B x and for each y ∈ B x , if [a, b] c is the center segment in B x containing y, then its lifting denoted by [ã,b] c is such that ||ã −b|| > M. Where M satisfies the lemma 2.5 with C = (1 + ε) and k = 1. By compactness of T 3 , there are B x 1 , . . . , B x j a finite subcover of
particularly using quasi isometry of the foliation F c f we have
Applying the lemma 2.5 to [ã,b] c , with C = (1 + ε), we obtain
A ||ã −b||, for all n ≥ 1. Relying in the previous theorem we can prove the following corollary. For to begin the construction, for each n ≥ 1, as in [13] , we consider L n : T 3 → T 3 the Anosov automorphism the T 3 induced by the matrices
We go to considerate the linear automorphism induced by
s n respectively the eigenspaces corresponding to β u (n), β c (n), β s (n), by [13] we have: Let p n be a fixed point for g n . Consider a system {V n j }
+∞ j=0
of small open balls centered in p n . The neighborhoods V n j are constructed after. Using the proposition 3.1 we can obtain a C 1 −perturbation g n j of g n satisfying:
(1) p n is a fixed point for g n j , (2) g n j = g n out of V n j , (3) Dg n j (p n )|E . Fixed ε > 0 a small number and V n 0 = B(p n , ε) the open ball centered in p n with radius ε. Since g n is Anosov, it is possible to choose 0 < ε 1 < ε 0 , such that, if x ∈ T 3 \ V n 0 then g k n (x) ∈ B(p n , ε 1 ) ⇒ |k| > 1, we take V n 1 = B(p n , ε 1 ). By proposition 3.1 we have g k n (x) ∈ B(p n , ε 1 ) ⇒ |k| > 1. Suppose that we have defined V n 0 , V n 1 , . . . , V n j , we define recursively V n j+1 = B(p n , ε j+1 ), with 0 < ε j+1 < ε j , such that, if x ∈ T 3 \ V n j then g k n (x) ∈ B(p n , ε j+1 ) ⇒ |k| > j + 1, and consequentely, by proposition 3.1 g k n j+1
(x) ∈ B(p n , ε j+1 ) ⇒ |k| > j + 1.
In the construction we require that 0 < diam(V n j ) < 1 j+1
and clearly the diameters diam(V n j ) → 0, when j → +∞.
3.2.
The diffeomorphisms g n j remains partially hyperbolic. Lemma 3.3. For n large, the diffeomorphisms g n j are partially hyperbolic for any j ≥ 0.
